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Abstract 

For a permutation oj € S n Denoncourt constructed a poset M w which is the set of join- 
irreducibles of Lehmer codes of the permutations in [e, u] in the inversion order on S n . In this 
paper we show that M w is a i^-free poset if and only if cj is a 3412 — 3421-avoiding permutation. 

fi; 1 Introduction 

Let P, Q be a poset. A subposet R C P is called a Q -pattern subposet if R ~ Q as a poset. We say 
that P is Q-free if P has no Q-pattern subposets. The number of 1 + 3-free and 2 + 2- free posets 
with n elements is ^-j- ( 2 ™) the n-th Catalan number [5] . 

For a G S n , tt G Sk with k < n, we say a permutation a is a 7r avoiding permutation if 
si(cr(2i)cr(z2) • • • 0"(ifc)) 7^ 7r(l)7r(2) • • • ir(k) for any 1 < %\ < i 2 , ■ ■ ■ < z& < n. The number of 7r 
avoiding permutation in S n is ^rj( ") for all 7r G ^3 [3] [1]. In this paper we consider the relation 
B^-free posets where B>2 is Boolean algebra of rank 2 and 3412 — 3421-avoiding permutations by 
considering Lehmer codes. 

In [2] Denoncourt showed that the set of Lehmer codes for permutations in A^ ordered by the 
product order on is a distributive lattice where A w = {er|Inv(er) c Inv(w)} and he also gave the 
expression of which is the set of join-irreducibles of the set of Lehmer codes for A w . 

In this paper we focus on the relation between the shape of and that of u and obtain the 
following result. 

Theorem 1.1. M w is a B 2 -free poset if and only if u is a 3412 — 3421-avoiding permutation. 



2 Notations and Remarks 

In this paper we use 1-line notation, this is uj = u(l)u(2) ■ ■ -u(n) for uj G S n . Put A w := {cr|Inv(cr) C 
Inv(o;)} where Inv(o;) := <i<j< n,u{i) > u>(j)}. In other words A w is the interval [e,cu] 

in the left Bruhat order. 



We put Ci(u) := < i < j < n,u(i) > u;(j)} the number of inversions of u with first 

coordinate is i and Cij(u)) := §{k\l <i<k<j<n, > u)(k)} the number of inversions of u with 
first coordinate is i and second coordinate is between i and j. The finite sequence 

c(u) := (ci(w), c 2 (u)), c n (u)) 

is called the Lehmer code for u and let c(A w ) be the set of Lehmer codes of permutations in A u . 
In [2] Denoncourt showed the following result. 

Theorem 2.1 (Denoncourt). For u G 5 n t/ie subposet c(A w ) of N is a distributive lattice. 

Let L be a finite distributive lattice and P the subposet of join irreducible elements in L. Then 
the fundamental theorem for finite distributive lattices states that L ~ J{P) where J(P) is the poset 
of order ideals of P ordered by inclusion pQ. In [2] Denoncourt determined the set of join irreducible 
elements in c(A tJ ). 

Definition 2.1 (Denoncourt). For i G [n] sitc/i that Ci(u) > and for each x G [cj(a;)] ; define 
rn^xiu) G N coordinate-wise by 

1. •K j {m i ^)) = if{i,j) G Inv(w), 

2. 7Tj(m iiX (w)) =0ifj<i, 

3. •K j {m i ^)) = x if j = i, 

4- / Kj{m^ x {uij) = max{0,x — qj(u;)} if j > i and (i,j) ^ Inv(cu) 

where Ttj{m ix {uj)) denotes the j-th coordinate ofm ijX (u). Put M w = {m i)X (w)|l < i < n,Ci(cu) > 
0,x G [ci(u)]. 

Let M u = {mi )X (u)\l < i < n such that q(co>) > and x G [cj(u;)]} and Cj(w) = {m ix {uj)\x G 
[cj(co')]} for 1 < i < n such that q(cj) 7^ 0. Then is a subposet of N n in the product order. 
Denoncourt showed the following results, see Corollary 5.6 and Theorem 6.6 of his paper [2]. 

Theorem 2.2 (Denoncourt). The set M w is the set of join irreducible elements o/c(A w ). 

Lemma 2.1 (Denoucourt). 1. For u G S n and 1 < % < j < n with (i,j) G Inv(w), every element 
of Ci{uj) is incomparable with every element ofCj(u>), 

2. For uj G S n and 1 < i < j < n with (i,j) Inv(u;), we have nii^ x (uj) > mj ty (uj) if and only if 
y < x - c itj (u). 

In other words there exists a pair of comparable elements m i)X (uj) > rrij t y(u}) with 1 < i < j < n 
if and only if st(cj(i)u(j)u(l)) = 231 for some j < I. Hence we have the following corollary. 

Corollary 2.1. If u is a 231-avoiding permutation then is disjoint union of the chains. 
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3 Main Result 

In this section we give a proof of the following result. 

Theorem 3.1. M u is a B 2 -free poset if and only if u is a 3412 — 3421 -avoiding permutation. 

Definition 3.1. Let P be a poset. A subposet {a,b,c,d} C P with distinct elements is called B 2 - 
pattern subposet if {a,b,c,d} ~ B 2 where B 2 is a Boolean algebra of rank 2. We say that P has a 
B 2 -pattern if P has a B 2 -pattern subposet. 

We will define the following poset patterns. 

Definition 3.2. 1. For 1 < i < j < n,b < a £ [cj(o;)] and c < d £ [c 3 -(o;)] with a + c = h + d the 
poset {mi t a(u),rrii t i ) (!x!),rnj tC (uj),mj i d(uj)} is called parallelogram — pattern poset if 
m i,a{^) > m j,d{ (j j)i m i,b{'^ 1 ) > m j,c(w) one? the two elements rrii t b(oj) and mj d(u) are incompara- 
ble. 

We say that has a parallelogram— pattern if 'M u contains a parallelogram— pattern poset. 

2. For 1 < i < j < n,b < a £ [c;(w)] and c < d £ [c/(u;)] with a + c = b + d the poset 
{mi ja (cj) , mi t b(cu) , mj tC (cu) , rrij tC i,(cj)} is called C 4 — parallelogram — pattern poset if 
m ia ((X>) > mj^{uj),m ib {uj) > mj tC (co) and the two elements m^u) andrrij^{u) are comparable. 
IfnT>i,b(u) and m^ d {uS) are comparable then we have m ijb (c<;) > mj^{uj) because the i-th entry of 
mifi(u) is b and that of m^O^) equals to 0. 

We say that has a C4 — parallelogram — pattern if contains a C4 — parallelogram — 
pattern poset. Especially we have m iya {uj) > mi^ius) > mj^ioj) > mj tC {uj). 
Figured shows the shape of the parallelogram-pattern and the C ^-parallelogram pattern. 

A parallelogram-pattern subposet is also I?2-pattern subposet, but a i^-pattern subposet is not 
always a parallelogram-pattern subposet. 

© (D 

C(w) Cj(w) 




Figure 1: Part.l is the parallelogram-pattern and Part. 2 is the CVparallelogram-pattern. 



The following statement is useful but it is easy to see, hence we omit the proof. 
Lemma 3.1. For 1 < % < j < n and u £ S n , 



1. if m,^ a {uj) > mj t b(cj) with a,b>2 then m i) ( a _i)(u;) > mj^-i)^), 

2. if m it a(uj) > rrij t b(u) with a < Ci(co) and b < Cj(u>) then m^a+i)^) > mj t (i,+i)(co) 
Figure [2] shows a visualization of Lemma 13.11 
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Figure 2: 



Lemma 3.2. For 1 < i < j < n and u G S n if mi iP (uj) > rrij )q (u) for some 1 < p < Ci(u) and 
1 < q < Cj(u) then {k\j < k,u(i) > uj(k)} C {l\j < l,u)(j) > uj(l)}. 

Proof. By Lemma [2TT1 we have u{i) < ui(j) because m^ p (u) > rrij A {u) for some 1 < p < Ci(u) and 
1 < q < Cj(u). Hence we have {k\j < k,u(i) > uj(k)} C {l\j < l,U}(j) > u)(l)}. 

□ 

Lemma 3.3. If m i>p (uj) > mj >q {u) for some u G S n , p G [cj(u;)] and q G [cj(a;)], then we have 
Cj(uj) > Ci(u) + q-p. 

i j j 

Proof Set m iyP {uj) = (0, ■ ■ • , 0,'"p~ v , ■ ■ • , x , ■ ■ • ),mj 1 g(u) = (0, • • ■ , 0, , • ■ ■ , q , • ■ ■ )• Then 
we have x = p — Cij(u) and Cij(u) < p — q because m% tP {u)) > rrij >q {u) and x < q. Also we 
have Ci{u) = Cij(u) + §{k\j < k,u(i) > u){k)} < Cij(u) + Cj(u) < p — q + Cj(u). Hence we have 
cj(u) > Ci(u) +q-p. 

□ 

The above Lemma 13.31 says that if rrii }P (u) > mj^ q (uj) with 1 < K j < G [qO^)] an d 
q G [cj(a;)] then there exists Cj(w) + q — p <E [cj(u)] such that m ijCi (^{oj) > mj )Ci ( a) ) +3 _ p (a;) by Lemma 
13.11 Figure |3] shows a visualization of Lemma 13.31 

For root poset M w we have the following observation. 

Lemma 3.4. For u G S n if M w has a C ^-parallelogram-pattern then M w has a parallelogram-pattern. 
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Proof. By assumption there exists {mi )a (u), m^u), Tn,j tC (uj), m^w)} C M u such that m^ a (u) > 
m,i t b(u)) > mj td {uj) > rrij tC (u) for some 1 < i < j < n,b < a E [q(u;)] c < d G [Cj(w)] with 
a + c = b + d. It is easy to see that b > d because m i>b {uj) > mj d {uj). 

We will show that it is possible to construct a parallelogram-pattern poset from 
{mi >a (u), rrii t b(uj), rrij >c {u), Tn,j t d(u})} by induction on b — d. 

If b = d then Ci(u) >a>b+l>d and by Lemma I3TB1 we have d + 1 < Cj(u;). 

Consider the subposet {mj ia (c<;), m^ui), m 3 - )C+ i(a;), m 3i d+i(a;)} C M w where i,j,a,b,c,d are as 
above. 

We have m ia (c<;) > m^+itw) because m it b(uj) > rrij td (u) and hence m ija (uj) > m ii6+1 (w) > 
Tnj,d+i(u). Also m it b(ou) > rrij !C+ i(co) because m itb (cu) > rrij^ioj) > mj )C +i(w)- Obviously m itb (u) 
and mj t d+i(u)) are incomparable. Therefore the subposet {mj i(1 (w), rrii } b(co), mj >c +i(u), mj t d+i{w)} is 
parallelogram-pattern poset. 

Assume that we can construct a parallelogram-pattern poset from {m ija (u),m ib (u),mj C (u),mj d (u)} 
for b — d < k — 1. 

If b — d = k then we consider a subposet {m ija (u),m ijb (u),mj jC+1 (u),mj^ + i(u)} C M w where 
i,j,a,b,c,d are as above. We have mi l0 ,(u) > rrij 7 d+i(uj) because m^b(oj) > rrij 7 d(uj) and hence 
m i)a {uj) > m itb+1 (uj) > m j4+1 {uj). Also m i)b (u) > m jiC+ i(u) because mi >b (u) > m j4 {uj) > m jjC+ i(u). 
If mifi(u) > rrij^+iioj) then we can construct a parallelogram-pattern poset by the assumption 
because b — (d + 1) = k — 1. If m iib (uj) and rrij 7 d+i(u) are incomparable then the poset 
{rrii ja (u),mi t b(u),mj t c+i(u),mj t d+i{v)} is a parallelogram-pattern poset. This completes the proof. 



Lemma 3.5. For uj <E S n the poset has a B 2 -pattern if and only if it has a parallelogram-pattern. 

Proof. If M w has a parallelogram-pattern then obviously it has a ^-pattern. Conversely we assume 
that M w has a I? 2 -pattern. 

Let {m i:a (u),m jtb {u),m k:C (uj),rni td (u)} with i,j,k,l eN,a G [ci(u)),b G [cj(u)],c G [c k (u)] and 
d G [q(w)] be a £> 2 -pattern subposet of M u where m ija (u) (resp. mi )d (uj)) is the maximum (resp. 
minimum) element and mj yb (u) and mfc iC (u;) are incomparable. We can set j < k without loss of 
generality and hence we have % < j < k < I. 

Case.l (The case of d > 2) 



□ 



5 



We have m ita ^d-i(u) > m^iiu) because mi ia (cu) > mi t d(co) and by Lemma I3TT1 Hence the poset 
{m it a(u), mj ja _ f f + i(u;), m^diu), m^iiu)} is either a parallelogram-pattern poset or a CVparallelogram- 
pattern poset. By Lemma I3T41 the poset has a parallelogram-pattern for both cases. 

Case. 2 (The case of d = 1 and i = j) 

We have > q(u;) + 1 — 6 > a — 6 + 1 because m i)b {uj) > m^fw) and by Lemma 1X51 Also we 
have a — b + 1 > 2 and q(w) > 2 because 7 = j and m i)a (c<;) > rrij jb (uj). 

Hence the poset {m ijb+ i(uj), m ijb (u), m; )2 (w), mi t i(u)} is either a parallelogram-pattern poset or a 
CV-parallelogram-pattern poset because rrii tb (uj) > mi y i(u) and by Lemma [3.11 

By Lemma 13.41 the poset M u has a parallelogram-pattern for both cases. 

Case. 3 (The case of d — 1 and k = I) 

In this case we have m iia (uj) > 777& iC (u;) > m^^u;) so we have c > d > 1. 

By Lemma [3TT1 the poset {mj ja (u;), m iia _ 1 (co'), m fcjC (c<;), m fcjC _ 1 (c<;)} is either a parallelogram-pattern 
poset or a C 4 -parallelogram-pattern poset. By Lemma I3T41 the poset M u has a parallelogram-pattern 
for both cases. 



Next we will consider the case of d — 1 with i < j < k < I. 



Case. 4 (The case of b > 2 or c > 2 with = 1 and i < j < k < I) 

We will consider the case of b > 2 and for the case of c > 2 we can use the same argument. 
Because m ija (u) > mj b {uj) we have a > 2 and m^a.^w) > m Jife _ 1 (co') by Lemma |3~T1 

Hence the poset {m i)a (co>), mj ja _ 1 (a;), 77^(0;), m J)fe _ 1 ((X')} is either a parallelogram-pattern poset 
or a CVparallelogram-pattern poset. By Lemma [3.41 the poset has a parallelogram-pattern for 
both cases. 



Case. 5 (The case of6 = c = <i=l with i < j < k < I and Cj(u) > 2 or Cfc(w) > 2) 
We will consider the case of Cj(u) > 2 and for the case of Ck{oj) we can use the same argument. 
From Lemma [3.31 we obtain ci(u) > Cj(u) + 1 — 1 > 2 because mj^(uj) > m^i(uj) and Cj(u) > 2. 
By Lemma [3TT1 we have rrij^ioj) > 3m; j2 (o;). Hence the poset {rrij^iuj), rrij^uj), m ii2 (u;), mi i(uj)} is 
either a parallelogram-pattern poset or a CVparallelogram-pattern poset. By Lemma [3.41 the poset 
has a parallelogram-pattern for both cases. 

Case. 6 (The case ofb = c = d= l with i < j < k < I and Cj(u) = Ck{u)) = 1) 
We have < and uj{k) < because m i)a {uj) > rrij jb (u) and m kjC (u) > m^ d (ui). 

i 1 

Set m it a(u) = (0, ■ ■ • , 0,'"~a~\ ■ • • , x , ■ • • ) and 777^1(0;) = (0, • • ■ , 0, , • ■ ■ , 0, 1 ,-••). We 
obtain x > 1 so there exists p > I such that uj(i) > u{p). It is easy to see that {y\j < y,uj(j) > 
u)(y)} = {p} because Cj(u) = 1. Hence < oj{k) and then we get < < u{k) < ui{l). 

j kip 

Now we have 771^1(0;) = (0, 0, 1 , 1, ■ • • , 1, 1 , 1 • ■ ■ , 1, 1 , , . . . 0) and 

j k I V 

m^xiiS) = (0, ■ ■ • , 0, , 0, ■ • • , 0, 1 , 1 • ■ ■ , 1, 1 , 1, ■ ■ • , 1, , ... 0) because c^ioS) = 1 and 
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ui{k) > co(i) > u){p). Then we get rrij^iui) > mk t i(cj) and this contradicts the assumption that 
nij^uj) and rrik t i{uj) are incomparable. Therefore the case. 6 never happens. 

This completes the proof. □ 

Lemma 3.6. For u> G S n the poset M u has a parallelogram-pattern if and only ifu has a 3412-pattern 
or a 3421 -pattern. 

Proof. Suppose that u has a 3412-pattern. Then there exists i < j < k < I such that 
st(Lu(i)u)(j)u)(k)oj(l)) = 3412 and we obtain > 2 and Cj(u) > 2. We have 

I j 

^i, c ,H-i(w) = (0, • • • , 0, Ci{u) - 1, ■ • • ,p - 1, • • ■ ) 

i i 

rn j>2 (u) = (0,..- ,0,^,--- ,0,^,---) 

« i 

m,, 1 (o;) = (0,--- ,0,^,--- ,0,'""l""V--) 
with p > 2 because u;(i) > u(k),u(l). 

Claim 

m ijCi ( w )_i(a;) > m^u;) 

For x < j the x-th entry of rn^ifw) is less than that of mj )Ci ( w )_i(a;). 

For x > j the x-th entry of mj^{us) is or 1. If that of m,j^(uj) equals to 1 then (j,y) Inv(u) 
for j < y < x and hence < < u(x). Therefore (i,y) ^ Inv{u) for j < y < x and the x-th 
entry of m iiCi ( w )_i(w) is (p — 1) > 1. The x-th entry of of rrij t i(u) is less than that of m^^-itu;) if 
that of mj^u) is 0. Hence we have mi iCi ( w )_i(a;) > 771^1(0;). 

For the set {m i)Ci(w )(u;), m iA(w) _i(w), m 3 - 2 (w), m-^u;)} we obtain m i>Ci ^(u}) > m l - )Ci ( w )_ 1 (a;) > 
77^1(0;). Also we have m i)Ci (^)(u;) > raj^u) > rrij^uj) by Lemma I3TT1 

Then the induced subposet is either a parallelogram-pattern poset or a C^-parallelogram-pattern 
poset. By Lemma [3~4l the poset M u has a parallelogram-pattern for both cases. We can use the same 
argument if u has a 3421-pattern. 

Suppose that M w has a parallelogram-pattern poset {m ija (u), m i)6 (c<;), raj^u), mj d (ui)} with 1 < 
i < j < n,b < a G [q(u;)] and d < c G [cj(u;)] and a + d = b + c where m ija (oj) (resp. mj )d {uj)) is the 
maximum (resp. minimum) element and mi^u) and mj tC (u) are incomparable. In particular c > 2 
because c> d> 1. 

From Lemma [2. II we have u(i) < u)(j). Put 

i j 
m iy a(u) = (0, ■ • • , 0, a , ■ • • , x , • ■ ■ ) 

m jA u ) = (0, • • • , 0, 
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where x > c > 2 hence §{y\j < y,w(i) > w(y)} > 2 and there exists j < y\ < yi such that 

> co(yi) and co(i) > a; (2/2)- Then we have st(oj(i)u)(j)oj(yi)oj(y2)) = 3412 or 3421. 
This completes the proof. 

□ 

From Lemma [3. 51 and Lemma [3.61 we obtain the following result. 
Theorem 3.2. is a B^-jvee poset if and only if u is a 3412 — 3421 -avoiding permutation. 
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